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It has been observed that certain classical chains admit topologically protected zero-energy modes
that are localized on the boundaries. The static features of such localized modes are captured by
linearized equations of motion, but the dynamical features are governed by its nonlinearity. We study
quasi-periodic solutions of nonlinear equations of motion of one-dimensional classical chains. Such
quasi-periodic solutions correspond to periodic trajectories in the configuration space of the discrete
systems, which allows us to define solitons without relying on a continuum theory. Furthermore, we
study the dynamics of solitons in inhomogeneous systems by connecting two chains with distinct
parameter sets, where transmission or reflection of solitons occurs at the boundary of the two chains.
I. INTRODUCTION
Intriguing connections between topology and phases of
matter have led to the discovery of topological insulators
and superconductors [1, 2]. Most of researches in this
context were targeted on quantum systems, where the
origin of topology comes from energy band structures.
It turns out that this type of topological phenomena oc-
cur not only in quantum systems but also in classical
systems, and the horizon of applications of topology has
been further expanded.
It was first shown in Ref. [3] that a certain classi-
cal system of elastic chain could support localized zero-
frequency “floppy modes”, whose existence is associated
to a topological index derived from the linearized equa-
tions of motion. This topological index of the elas-
tic chain is analogous to the Su-Schrieffer-Heeger (SSH)
model [4, 5], and it is related to the static feature of a
localized mode, such as where it is localized [3]. In con-
trast to the static behavior which can be explained by
the linearized equations motion, the description of its dy-
namical feature requires full nonlinear aspect of the equa-
tions [6]. In Ref. [6], they derived the φ4 theory or the
sine-Gordon theory via continuum limit, depending on
the set of parameters in the discrete system. These non-
linear equations support kink solutions, which describe
the propagation of localized modes. However, these so-
lutions do not capture the full dynamics of the local-
ized modes; the dynamics of the localized modes in the
original discrete systems are actually periodic or quasi-
periodic, but the kink solutions of the aforementioned
continuum equations do not capture this periodic fea-
ture.
In this paper, we are interested in the full behavior
of quasi-periodic solutions in discrete systems. It turns
out that the global dynamics of such quasi-periodic solu-
tions are governed by the topology of the phase space of
mechanical linkages (networks formed by rigid bars and
joints). In fact, from this point of view, the kink solu-
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tions in the continuum limit capture only a part of the
full dynamics; this is because these solutions need to take
account of not only the nature of propagation but also
the nature of recurrence [7]. In order to describe the full
dynamics, we formulate soliton solutions without taking
the continuum limit. We further clarify the connection
between solitons and the configuration space of linkages.
This also enables us to deal with inhomogeneous systems
which are not discussed in Ref. [6].
Our understanding provides a geometrical perspective
of quasi-periodic solutions. The linearized equations of
motion correspond to the tangent space of the configura-
tion space, and the soliton solutions can be viewed as
quasi-periodic one-dimensional trajectories in the con-
figuration space. Such one-dimensional trajectories are
obtained by the constraint conditions imposed on the
mechanical chain. The topology of the one-dimensional
trajectories in the configuration space depends on the
parameters of the system, and different types of soliton
modes are captured by its topology [6]. We further con-
sider a system consisting of two distinct chains with dif-
ferent parameter sets. As a result, we find rich properties
of soliton propagation depending on how we combine two
different chains.
In fact, the model we are considering can be regarded
as a variant of a classical one-dimensional chain of cou-
pled oscillators. Such systems are described by equations
of motion of the form, x¨i = V
′(xi+1−xi)−V ′(xi−xi−1),
where xi = xi(t) (i = 1, · · · , N) is the position of
i-th mass at time t with nearest neighbor potentials
V (xi+i − xi). For example, Fermi, Pasta and Ulam [8]
took the potential of the form given by V (y) = 12y
2 +
α
3 y
3 + β4 y
4 with N = 64. Our system corresponds to
a one-dimensional elastic chain with the nearest neigh-
bor potentials U(xi, xi+1) with strong nonlinearity. The
model of this type is first studied by Kane and Luben-
sky [3], and subsequently by Chen et al. regarding its
dynamical perspective [6]. We further investigate this
model and systematically construct robust quasi-periodic
solutions from the topological structure of the configura-
tion space.
In Sec. II, we review the linearized description of the
elastic chain considered by Kane and Lubensky in order
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2to refer some of the results here for the later analysis.
In Sec. III, we develop the idea of how to view solitons
without taking a continuum limit by introducing the con-
figuration space of the discrete linkage system. Finally, in
Sec. IV, we investigate the transport property of solitons
in hybrid chains, which are constructed by connecting
two distinct chains with different parameters.
II. MECHANICAL CHAINS WITH
LINEARIZED DESCRIPTION
A. Kane-Lubensky chain: linearized equations and
edge modes
One of the ways to characterize the stability of me-
chanical structures is to examine the relation among
the spatial dimension of the system, d, and the num-
ber of mass points (Ns) and bonds (Nb). The number
of zero mode, denoted by N0, is related to these param-
eters of a given system by N0 = dNs − Nb, known as
Maxwell’s rule [9, 10]. Here, dNs is meant to be the
number of degrees of freedom of a mass point under con-
straint conditions [11]. The presence of such a zero mode
is associated with mechanical instability of the system.
This relation was modified to a more general form [3]:
ν = N0 − Nss = dNs − Nb with ν ∈ Z, where Nss is
the number of states of self-stress. In the presence of the
states of self-stress, bonds are under tension or compres-
sion even in the absence of net force on each mass point.
Here, ν can be interpreted as the topological index which
is derived from the set of linearized equations of motion
of the mass points, as shown below.
Given a system of a mechanical network, when the
tension Tm in the m-th bond and the force Fi acting on
the i-th site are present, they are linearly related by Fi =
QimTm. Under a displacement of the mass ui at the i-th
site, the extension em of the m-th bond is then expressed
by em = Q
T
miui. The null space of Q corresponds to a
state of the network under non-zero tension on the bonds
and zero net force on every mass point. This is the state
of self-stress, and the number of such states is given by
Nss = dim KerQ. The null space of Q
T corresponds to
a state with finite displacements of mass points in the
absence of tensions in all the bonds, which is called the
zero mode. The number of zero modes is thus given by
N0 = dim KerQ
T . Maxwell’s rule can thus be stated by
ν = N0 −Nss = dim KerQT − dim KerQ. Note that the
difference dim KerQT − dim KerQ can remain constant
even under changing parameters of a given system.
In Ref. [3], Kane and Lubensky considered a type of
one-dimensional elastic system with N number of rotors
with equal arm length, which are placed with equal dis-
tance (see Fig. 1). More generally, let us denote the dis-
tance between the i-th and (i + 1)-th pivots as ai > 0
and the i-th arm length as ri in order to treat the cases
of non-uniform parameters. Each arm has a mass point
with mass M . The i-th mass is allowed to rotate around
FIG. 1. Schematic of the linkage system. θi is the angle
associated to the i-th rotor, a the separation between the
adjacent pivot points, r the length of the arm, and li the
bond length between the adjacent mass points at the i-th and
the (i+ 1)-th sites.
the i-th pivot, which acts as a rotor. The angle θi of
the i-th rotor is measured with respect to the vertical
axis. The bond length between the i-th and the (i+ 1)-
th mass points is then given by li(θi, θi+1). We denote
a given set of initial angles of N number of rotors by
θ¯ = {θ¯1, · · · , θ¯N}, which sets the equilibrium length of
the i-th bond by l¯i = li(θ¯i, θ¯i+1). Assuming that all the
bond lengths stay constant, namely li = l¯i for all i, we de-
duce that infinitesimal changes of the angles θi = θ¯i+δθi
satisfies that
0 = li(θ¯i + δθi, θ¯i+1 + δθi+1)− l¯i
= pi(θ¯)δθi + qi(θ¯)δθi+1 +O(δθ2)
where we defined the following functions:
pi(θ) =
ri
l¯i
[−ai cos θi + ri+1 sin(θi − θi+1)] ,
qi(θ) =
ri+1
l¯i
[ai cos θi+1 − ri sin(θi − θi+1)] . (1)
Writing (N − 1)×N -matrix QT (θ) = (QTmi(θ)), one can
cast (N−1) number of the constraint conditions into the
following form:
N∑
i=1
QTmi(θ¯)δθi = 0 , for m = 1, · · · , N − 1 . (2)
Given a generic configuration with ai, ri and θ¯i, the rank
of the matrix QT (θ¯) is N−1, thereby the null space is one
dimensional. One may typically observe that a non-zero
solution of Eq. (2) is exponentially localized on one of the
two ends. Such a solution is called an edge mode in the
mechanical chain, which is analogous to topological edge
modes appearing in electronic systems, e.g. SSH model.
If the bond length is allowed to change, the infinitesi-
mal bond extensions are given by
em =
N∑
i=1
QTmi(θ¯)δθi . (3)
Letting K be the spring constant of the bonds connecting
the adjacent mass points, we approximate the change in
3the length of i-th bond by
li(θ)− l¯i(θ¯) ≈
N∑
k=1
QTik(θ¯)
(
θk − θ¯k
)
.
The corresponding Lagrangian is then given by
L =
N∑
i=1
1
2
Mr2i
(
dθi
dt
)2
− 1
2
K
N−1∑
i=1
[
QTik(θ¯)
(
θk − θ¯k
)]2
,
(4)
and the equations of motion of the angular variables θi(t)
for i = 1, · · · , N are obtained as
d2θi(t)
dt2
= − K
Mr2i
N∑
j=1
[
Q
(
θ¯
)
QT
(
θ¯
)]
ij
[
θj(t)− θ¯j
]
(5)
for i = 1, . . . , N .
If QT (θ) has rank N − 1, then dim KerQT (θ) = 1 and
dim KerQ(θ) = 0; this is indeed the case for generic θ and
in this case we have ν = dim KerQT (θ)−dim KerQ(θ) =
1. For some θ, the matrix QT (θ) may have rank less than
N − 1, but the index remains ν = 1 for every θ.
III. NONLINEAR MECHANICAL CHAINS AND
SOLITONS
A. Spectral gaps and configuration spaces of
four-bar linkages
First we shall analyze the special case that the parame-
ters of the system are uniform, namely a = ai, r = ri and
li(θ¯) = l¯ for all i = 1, . . . , N . In this case, all the possi-
ble configurations of this uniform linkage are determined
by a single four-bar linkage with two rotors (see Fig. 2).
We give a belief description on the configuration space of
four-bar linkages below and introduce a more elaborate
description of the configuration space of linkages.
FIG. 2. A single four-bar linkage with the arm lengths given
by r and the separation of pivots given by a. The length of
the bond (green) connecting two mass points (blue) is given
by l(θ1, θ2).
After determining a set of initial angles, denoted by
θ¯ = (θ¯1, θ¯2), we obtain a single constraint condition for
the bond length given by l(θ1, θ2) = l(θ¯) with
l(θ1, θ2) (6)
=
√
[a+ r (sin θ2 − sin θ1)]2 + r2 (cos θ1 − cos θ2)2 .
The configuration space of a four-bar linkage is the space
of shapes which are continuously deformed under the con-
straint fixing the lengths of all four sides of the link-
age. Since the constraint condition relates two angular
variables, specifying a single angle determines the entire
shape of the four-bar linkage. This means that the con-
figuration space is a union of circles, and its structure
depends on the lengths of a and r. If the four-bar link-
age is close to a triangle (e.g. small a and large r), the
configuration space is disconnected and consists of two
disjoint circles. This is the case of l(θ¯)+a < 2r in Fig. 3;
then a certain linkage configuration cannot be continu-
ously deformed to its mirror image. On the other hand,
the configuration space is connected and consists of a
single circle if the four-bar linkage is close to a rectangle
(e.g. large a and small r), which corresponds to the case
of l(θ¯) + a > 2r in Fig. 3. It is a union of two circles
jointed at a single point, when l(θ¯) + a = 2r. In this
case, there is a singularity at the joint point of the two
circles.
FIG. 3. The configuration spaces a four-bar linkage, and its
dependence on the parameters.
More precisely, in our case, the configuration space
is disconnected if and only if l(θ¯) + a < 2r [12]. We
state that the linkage is in a disconnected phase (or spin-
ner phase) when its configuration space is disconnected,
and similarly a connected phase (or flipper phase) for
a connected configuration space, following the terminol-
ogy introduced in Ref. [6]. The disconnected phase with
l(θ¯) + a < 2r can be restated as a/r < sin2 θ¯, and a con-
nected phase with l(θ¯) + a > 2r leads to a/r > sin2 θ¯.
When a/r = sin2 θ¯, the configuration space is a union of
two circles at a single point, which represents the critical
phase separating two topologically distinct structures of
4the configuration space. In summary, we have
disconnected (spinner) phase
⇔ l(θ¯) + a < 2r ⇔ 1 < ra sin2 θ¯ ,
connected (flipper) phase
⇔ l(θ¯) + a > 2r ⇔ 1 > ra sin2 θ¯ .
(7)
Under a given set of initial conditions of angles and
angular velocities, the shape of a four-bar linkage evolves
within the configuration space. There is a further char-
acterization of this dynamics based on the relative sign
of initial angular velocities of the two rotors [6]. When a
four-bar linkage has a disconnected configuration space,
the initial angular velocities of the two rotors always
have the same sign, which we call non-repulsive condi-
tion (wobbling condition in [6]). When a four-bar linkage
has the connected configuration space, there are config-
urations that two rotors can admit initial velocities with
opposite signs, and such a case is called repulsive con-
dition (non-wobbling condition in [6]). In the case of
uniform linkage structure where ai = a and ri = r for
all i under a given set of initial angles, one may find
pi(θ¯) and qi(θ¯), and in turn also determine Q
T (θ¯). From
the condition in Eq. (2), the initial angular velocities of
the rotors are in the null space of QT (θ¯). We can then
find that the initial system satisfies the repulsive (non-
repulsive) condition where the initial angular velocities
of a give adjacent rotors have the opposite (same) signs
when pi(θ¯)/qi(θ¯) < 0 (pi(θ¯)/qi(θ¯) > 0). This condition
can be also restated as a < 2r sin θ¯ (a > 2r sin θ¯) for the
repulsive (non-repulsive) condition [6], which is summa-
rized as{
repulsive (non-wobbling) condition ⇔ 1 < 2ra sin θ¯ ,
non-repulsive (wobbling) condition ⇔ 1 > 2ra sin θ¯ .
(8)
The topology of the configuration space is also cap-
tured by the spectrum of the dynamical matrix given by
Q(θ)QT (θ). In the case of a four-bar linkage (N = 2),
the matrix Q(θ)QT (θ) is a square matrix of dimension 2.
The spectrum is given by 0 and λ1(θ) where
λ1(θ) =
(
∂l
∂θ1
(θ)
)2
+
(
∂l
∂θ2
(θ)
)2
. (9)
Note that λ1(θ) > 0 for all θ if and only if
∂l
∂θ1
(θ) 6= 0 or
∂l
∂θ2
(θ) 6= 0 for all θ. If λ1(θ) = 0 for some θ if and only
if ∂l∂θ1 (θ) =
∂l
∂θ2
(θ) = 0 for some θ, in which case, θ = ±pi2
and l(θ) = |2r − a|, i.e. the critical case.
In a more general case of a chain with N number
of rotors, the first non-zero eigenvalue Λ1(θ) (counted
with multiplicity) of Q(θ)QT (θ) is positive Λ1(θ) > 0 for
θ = (θ1, . . . , θN ) if and only if rankQ
T (θ) = N − 1. In
particular, if Λ1(θ) > 0 for all θ, then the configuration
space of the corresponding linkage has no singularity.
B. A nonlinear potential and quasi-periodic
solutions
In order to treat the dynamics of the linkage, we
approximate the constraint condition of constant bond
length and then define the potential term following
Ref. [6]. We suppose that the bond lengths are almost
unchanged:
1
2
K
[
li(θi, θi+1)− l¯i
]2 ≈ K
8l¯ 2i
[
l2i (θi, θi+1)− l¯ 2i
]2
, (10)
so that the corresponding Lagrangian has the form
L =
1
2
N∑
i=1
Mr2i
(
dθi
dt
)2
−
N−1∑
i=1
κi
[
l2i (θi, θi+1)− l¯ 2i
]2
,
(11)
where κi = K/8l¯
2
i . The dynamics generated by the
resulting equations of motion are not exactly what
is given by strictly following the constraint conditions
li(θi, θi+1) = θ¯i for all i, but its trajectory provides a
good approximation for the exact one. The initial ve-
locities of the N rotors are taken from KerQT (θ), so
that Eq. (2) is satisfied. Then the associated dynamics
will stay close to the trajectory given by the constraints
li(θi, θi+1) = l¯i for all i. This is because of the stabil-
ity of the solution, which is guaranteed by the fact that
KerQT (θ) = KerQ(θ)QT (θ) and all the other eigenval-
ues of Q(θ)QT (θ) are positive. One can then observe
a quasi-periodic motion of the linkage. It is generally
impossible to obtain an analytic form of the solution,
but the trajectory of this dynamics can be understood
through the topology of the configuration space on the
four-bar linkage, which we describe below.
The coordinate system of total angles θ = (θ1, . . . , θN )
is given by the N -dimensional torus TN . For each pa-
rameter set of the system Θ = {ai, ri, θ¯i}i=1,...,N , the
space of all configurations of the entire linkage system
is the subspace C(Θ) defined by the set of constraints
li(θi, θi+1) = l¯i for all i. Although the space of coordi-
nates is N -dimensional, the subspace C(Θ), obtained un-
der the constrains, is a one-dimensional subspace, along
which the dynamics of the linkage propagates. Depend-
ing on the parameter set Θ, the configuration space C(Θ)
has a topologically distinct realization, and this affects
the dynamics of the trajectory. In the case of four-bar
linkage, the configuration space C(Θ) is topologically ei-
ther a circle or the disjoint union of two circles depending
on the parameter set Θ as in (7).
Let us denote the trajectory parametrized by time t by
θ(t) = (θ1(t), . . . , θN (t)) in C(Θ). Given the (N − 1) ×
N -matrix QT (θ) in Eq. (2), the angular velocity vector
θ˙(t) = (θ˙1(t), . . . , θ˙N (t)) is in the null space of Q
T (θ).
The trajectory θ(t) satisfies the equation
N∑
i=1
QTmi (θ(t)) θ˙i(t) = 0 , for m = 1, · · · , N − 1 . (12)
5FIG. 4. Two sub-linkages with different parameter sets are connected to make a hybrid linkage system. The above figure
illustrates the case that the left (right) sub-linkage, marked in blue (red), is in the connected (disconnected) phase. r1(2) and
l1(2) are the arm length and equilibrium bond length for the left (right) sub-linkage. θi is the angle of the rotor at the i-th site
measured with respect to the vertical line, and i-th bond length is denoted by li. l is the length of the bond connecting the left
(blue) and right (red) sub-linkages.
We say that a trajectory (θ(t))t∈[0,T ] is generic if the
matrix QT (θ(t)) depends on t without singularities and
the rank of QT (θ(t)) is N−1 for all t, and call a nontrivial
generic trajectory a soliton.
The properties of solitons in a linkage were extensively
analyzed in Ref. [6]. Since such modes of solitons have
rich properties, which depend on sets of parameters, one
may wonder how solitons would behave if a “domain
wall” is introduced by connecting two linkage systems
(with the same or different parameter sets) by a bond
with an arbitrary length. For instance, we can consider
connecting two distinct linkages in disconnected and con-
nected phases as shown in Fig. 4.
IV. THEORETICAL ANALYSIS AND
SIMULATION OF SOLITONS IN HYBRID
SYSTEMS
We now consider a hybrid linkage structure by com-
bining two sub-linkage systems, denoted by sets of pa-
rameters Θ1 and Θ2, and connect them by a bond. The
subsystem Θk (k = 1, 2) consists of Nk number of the
pivots with arms of equal length rk are placed with equal
spacing ak with initial angles θ¯k. Two systems Θ1 and
Θ2 are placed with the middle spacing a and glued by the
bond with the length, l, determined by the initial con-
dition. This combined system Θ denoted by (Θ1,Θ2, a)
will admit a soliton solution if Eq. (2) has an edge mode
and there is a generic solution for Eq. (12). There ap-
pear to be a number of different modes of propagation
of solitons in this hybrid linkage, and complete classifica-
tion of these solitons is beyond the scope of this work. In
order to discuss the structure of soliton modes in this sit-
uation, we introduce some of distinct examples obtained
from numerical analysis (Type I, II, and III summarized
in Fig. 5 and Table I).
In Type I, we combined a connected/non-repulsive
phase with Θ1 = {ai = 1.5, ri = 1, θ¯i = 2 | i = 1, · · · 10}
and a disconnected/non-repulsive phase with Θ2 = {ai =
0.5, ri = 1, θ¯i = 2 | i = 1, · · · 10} with the middle spac-
ing of a = 2. In this case, we observe a full transmis-
sion of a soliton from one end to the other even in the
presence of the boundary between the two subsystems.
The soliton keeps moving back and forth. In Type II,
we combined a disconnected/non-repulsive phase with
Θ1 = {ai = 1, ri = 2, θ¯i = 2 | i = 1, · · · 10} and an-
other disconnected/non-repulsive phase with Θ2 = {ai =
0.5, ri = 1, θ¯i = 2 | i = 1, · · · 10} with a = 2, where
both of them are in the non-repulsive state. In this
case, we observe a complete reflection of a soliton at the
boundary between the subsystems. As the soliton ap-
proaches to the boundary from the right subsystem, the
rotors near the boundary in the left subsystem go up and
down, and the soliton is totally reflected back into the
right subsystem. We observe that the soliton goes back
and forth only within the right subsystem. In Type III,
we combined a disconnected/non-repulsive phase with
Θ1 = {ai = 1, ri = 2, θ¯i = 2 | i = 1, · · · , 10} and con-
nected/repulsive phase with Θ2 = {ai = 0.5, ri = 1, θ¯i =
0.2 | i = 1, · · · , 10} with a = 2. In this case, we also ob-
serve that the soliton is totally reflected at the boundary
similarly to Type II, so its motion is confined in only the
right subsystem. The rotors near the right end of the
left subsystem stay lifted after the first reflection of the
soliton at the boundary in the middle, and they go back
to the initial positions after the second reflection.
V. DISCUSSION
We have constructed new soliton solutions in hybrid
systems by connecting two linkages with distinct param-
eter sets. Even though an explicit form of the solution
is not available (which seems impossible in general), the
trajectory of this dynamics can be understood via the
topology of configuration space. It should be pointed out
that it is not clear whether or not the continuum limit
is appropriate in our discussion. Although one would
obtain a continuous equation in the large N limit, it po-
tentially loses rich features appearing in discrete systems.
In our formulation, solitons in a one-dimensional linkage
system are trajectories that are approximated by con-
straint conditions. As long as the difference in the num-
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FIG. 5. In Type I, we have combined a connected/non-repulsive phase (a1 = 1.5, r1 = 1, θ¯i = 2 for i = 1, . . . , 10) and a
disconnected/repulsive phase (a2 = 0.5, r2 = 1 and θ¯i = 2 for i = 1, . . . , 10) with spacing a = 2. In Type II, we have combined
two disconnected/non-repulsive phases (a1 = 1, r1 = 2, θ¯i = 2 for i = 1, . . . , 10) and (a2 = 0.5, r2 = 1 and θ¯i = 2 for
i = 1, . . . , 10) with spacing a = 2. In Type III, we have combined a disconnected/non-repulsive phase (a1 = 1, r1 = 2, θ¯i = 2
for i = 1, · · · , 10) and a connected/repulsive phase (a2 = 0.5, r2 = 1, θ¯i = 0.2 for i = 1, · · · , 10) with spacing a = 2. In all the
cases, we took the mass and spring constant as M = 0.01 and K = 10, respectively. The graphs on the top show the profile
of the initial angular velocities, θ˙(0) versus site locations, given by Eq. (12) with the initial angles θ¯i for i = 1, · · · , 20 shown
above for each case. The figures of the linkages show the time evolution of a soliton in each case. The numerical simulation is
taken with time discretization ∆t = 0.01 and number of steps 1.0 × 104.
Left phase
r
a
sin2 θ¯
2r
a
sin θ¯ Right phase
r
a
sin2 θ¯
2r
a
sin θ¯
Type I Connected/Non-repulsive 0.551 1.212 Disconnected/Non-repulsive 1.653 3.637
Type II Disconnected/Non-repulsive 1.654 3.637 Disconnected/Non-repulsive 1.654 3.637
Type III Disconnected/Non-repulsive 1.654 3.637 Connected/Repulsive 0.079 0.795
TABLE I. Summary of the information the left and right linkages of hybrid linkage systems corresponding to Type I, II, and
III. The numbers in the table are to be referred to the conditions (7) and (8) to determine the phase of left or right part of a
given hybrid linkage.
ber of degrees of freedom of the rotors and the number
of constraints is 1, there is alway one-dimensional tra-
jectory in the configuration space. Depending on how
parameters of the linkage are chosen, trajectories can be-
come complicated. When a linkage is realized under a
uniform set of parameters, such as the case of Ref. [6],
trajectories can be simple. Even in hybrid systems con-
sidered our analysis, such as Type I in our simulation, we
can still observe relatively simple trajectories. However,
a certain choice of parameter sets can complicate such
trajectories. Systems with parameter sets corresponding
to Type II and III already exhibit nontrivial trajecto-
ries; a soliton is reflected at the boundary of two distinct
subsystems. Combining two systems appears to produce
further varieties of soliton solutions.
A soliton solution in the chain of four-bar linkages
is reminiscent of the Fermi-Pasta-Ulam (FPU) problem,
where a long-time dynamics reveals a recurrence phe-
nomenon. (Concerning the FPU problem, see a modern
account in Ref. [13].) The linkage discussed in our work
can be regarded as a variant of the FPU problem for one-
dimensional chains in the presence of nonlinear interac-
tions. In the case of four-bar linkages, a strong nonlinear
interaction is given by an approximation of constraints by
Eq. (10). This method can be investigated further. The
four-bar linkage has a relatively simple topology, which
7helps analysis of the dynamics, but the other type of link-
ages can be also studied in the same way. Configurations
spaces of linkages have been extensively investigated in
robotics (Ref. [14]).
Even in the case of a four-bar linkage, one may en-
counter the critical set of parameters belonging neither
to connected nor disconnected phases. Full analysis in-
cluding this critical case will lead to a further under-
standing of this strongly coupled system. An extension
of our formulation to two-dimensional problem will be an
interesting question.
ACKNOWLEDGMENTS
The authors would like to thank Ryota Nakai for dis-
cussions which initiated this project, Koji Hasegawa for
helpful conversations on history and backgrounds of in-
tegrable systems, Natsuhiko Yoshinaga, Kei Yamamoto,
and Mikio Furuta for fruitful discussions, Shin Hayashi
for his careful reading and helpful comments on an early
version of the paper, and Motoko Kotani, the director of
AIMR Tohoku University, for providing us the opportu-
nity to work on this research project.
[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[2] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[3] C. L. Kane and T. C. Lubensky, Nat. Phys. 10, 39 (2014).
[4] W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev.
Lett. 42, 1698 (1979).
[5] A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W. P. Su,
Rev. Mod. Phys. 60, 781 (1988).
[6] B. G. Chen, N. Upadhyaya, and V. Vitelli, Proc. Natl
Acad. Sci. U.S.A 111, 13004 (2014).
[7] It is not clear that an appropriate boundary condition
in the continuum theory can be imposed to capture the
nature of recurrence or the full dynamics of the original
discrete system. Certain features of the full dynamics,
such as scattering of kink and antikink solutions by im-
purities, can be analyzed by a continuum equation [15].
[8] E. Fermi, J. Pasta, and S. Ulam, “Enrico Fermi: Col-
lected Papers,” (University of Chicago Press Chicago,
1965).
[9] J. C. Maxwell, Phil. Mag. 27, 294 (1864).
[10] C. Calladine, Int. J. Solids Struct. 14, 161 (1978).
[11] J. Paulose, A. S. Meeussen, and V. Vitelli, Proc. Natl
Acad. Sci. U.S.A 112, 7639 (2015).
[12] M. Kapovich and J. Millson, J. Differential Geom. 42,
133 (1995).
[13] G. P. Berman and F. M. Izrailev, Chaos 15, 015104
(2005).
[14] M. Farber, Morse Theoretic Methods in Nonlinear Anal-
ysis and in Symplectic Topology (Springer Netherlands,
2006) pp. 185–230.
[15] Y. Zhou, B. G. Chen, N. Upadhyaya, and V. Vitelli,
Phys. Rev. E 95, 022202 (2017).
